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LECTURE 26

Transformations and directional
derivatives

26.1 Coordinate transformations

26.1.1 Polar coordinates

Definition 26.1 (Polar coordinates).
Polar Coordinates are two values that locate a point on a plane by its distance from a

P (f”,g) /(:cos@,rsin )

r < <
Pole 0 | Pole 8

Polar Axis Polar Axis

Figure 26.1: Polar coordinates.

fixed pole and its angle from a fixed line passing through the pole.
Let (x,y) be a point inxy—plane. Then using trigonometry we have

x=rcosf, y=rsinf

where
r=0, and 0<60<2m.



2 LECTURE 26. TRANSFORMATIONS AND DIRECTIONAL DERIVATIVES

Let (1,0) be a point in r@—polar coordinate plane. Again, by using trigonometry we
have

y

2 and tanH:%:H:tan_(;).

x*+y*=r*cos’0+r’sin*0=r
. . Ty . . .
Example 26.1. Consider the point (4, 5) in r@—plane. In Cartesian coordinates

T 3
x=rcosf = 4cos(€) :4§ =2V/3.

and

y= rsin6:4sin(g) :4% =2.

b4
So the point (4, E) in Cartesian coordinates becomes (2v/3,2).

Similarly, the point (—5,12) in xy—plane can be converted to r0—plane as

12 -1 12 o o o
‘[anQ:—5 = tan = ~—67.4"+180°=112.6".

and

r=v(-52+(12)2=v25+144 =v169 = 13.

Therefore,(—5,12) in polar coordinates can be written as (13,112.6°).

26.1.2 Rectangular coordinates

Figure 26.2: Rectangular coordinates.

Three coordinates are required to establish the location of a point in R3. This we
can do using the rectangular coordinates (x, y, z) of a point P, where x, y and z are
respectively the displacements along x—, y— and z—axis respectively; see Figure 26.2.
Moreover, the coordinates can be any real numbers, without any restriction.
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:

15 (i, 2

Figure 26.3: Cylindrical coordinates coordinates.

26.1.3 Cylindrical coordinates

A point in R3 can be represented by three quantities (7,60, z). These quantities are
defined as follows

- r: Distance from the origin.
- 0: Angle with the polar-axis.
- z: Height above the xy— plane.

This coordinate system is called the cylindrical coordinate system. There are re-
strictions on the allowable values of the coordinates. We impose the following restric-
tions on the coordinates in cylindrical coordinate system:

r=0, 0<0<2nm, zeR.

Remark that the cylindrical coordinates just add a z—coordinate to the the polar
coordinates (r,0), see Figure 26.4.

(r.0,2)

Figure 26.4: Cylindrical coordinates coordinates, analogy with polar coordinates.

Consider a point P(r,0, z), in cylindrical coordinates. Then, in rectangular coor-
dinates
x=rcosf, y=rsinf, z=z.
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Similarly, the point P(x, y, z) in (1,0, z) is given by

r=4/x%+y2, 0=tan_1(£), z=2z.

Example 26.2. Find the rectangular coordinates of the point with cylindrical coordi-
nates
(r,0,2) = (4,7/3,-3).

Solution.
Applying the cylindrical-to-rectangular conversion formulae yields

A Z

W=

/3

3

\

Figure 26.5: Cylindrical: (4,7/3,—-3). Rectangular: (2,2V/3,-3).

i1 b1
x=4cos(§):2, y:4sin(§)=2\/§, z=-3.
Thus, the rectangular coordinates of the point are

(x» y’ Z) = (2’ 2\/5) _3)~

26.1.4 Spherical coordinates
TZ

. Hp. 0, ¢)

Y
>

/x

Figure 26.6: Spherical coordinates coordinates: p = 0,0 <6 < 27,0 < ¢ < 27.

A point in R? can be represented by three quantities (p, 0, ¢). These quantities are
defined as follows
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- p: Distance from the origin.
- 0: Angle with the polar-axis.
- z: Angle with the z— axis.

This coordinate system is called the spherical coordinate system. There are re-
strictions on the allowable values of the coordinates. We impose the following restric-
tions on the coordinates in spherical coordinate system:

p=0, 0=60<27m, O0<s¢<m.

Consider a point P(r,8,¢), in spherical coordinates. Then, in rectangular coordi-
nates
x =psin¢gcosd, y=psin¢gsinb,z=pcose.

Similarly, the point P(x, y, z) in (1,0, ¢) is given by

p=1/x2+y2+22, O=tan! (%), (p:cos’li.

Example 26.3. Find the rectangular coordinates of the point with spherical coordi-

nates
(0,0,¢)=4,7/3,1/4).

Solution.

.'IIIII.

I

X

Figure 26.7: Spherical: (4,7/4,7/3). Rectangular: (v/2,/6,2v2).

Applying the spherical-to-rectangular conversion formulae yields

X = 4sin(%)cos(g) =2,
y = 4sin(%)sin(g) = \/6,
z = 4003(%) =2V2.

The rectangular coordinates of the point are

(x,7,2) = (V2,V6,2V2).



6 LECTURE 26. TRANSFORMATIONS AND DIRECTIONAL DERIVATIVES

Example 26.4. Find the spherical coordinates of the point with rectangular coordi-
nates

(X, 9, 2) = (4,—4,4V6).

Solution.

\

Figure 26.8: Spherical: (8v/2,77/4,7/6). Rectangular: (4,—4,4/6).

From the rectangular-to-spherical-conversion formulae yields

p = V16+16+96=128=28v2,
tanf = Z:—1,
X
z 4/6 V3
cos¢p = —=—==—.
VP 8V2 2

From the restriction 0 < 8 < 27 and the computed value of tan8, the possibilities
for 6 are 8 = 3n/4 and 6 = 77 /4. However, the given point has negative y—coordinate,
so we must have 6 = 7x/4. Moreover, from the restriction 0 < ¢ < 7 and the computed
value of cos ¢, the only possibility for ¢ is ¢ = /6. Thus, the spherical coordinates of
the point are

(0,0,¢) = 8V?2,71/4,71/6).

Example 26.5. Find equations of the paraboloid z = x*> + y* in cylindrical and spheri-
cal coordinates.

Solution.

The rectangular-to-cylindrical conversion formulae yield z = r2, which is the equa-
tion in cylindrical coordinates. Now applying the spherical-to-cylindrical conversion
formulae to yield p cos¢ = p? sin? ¢» which we can rewrite as p = cos ¢ csc? . O
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CONE CYLINDER SPHERE PARABOLOID HYPERBOLOID
- I ! ] -
y | _| _ Y 4 y
>!< 7| /L T =
Y Y Y
X * | X X/’\ X/T
‘ I
7=+ 2+yr=1 2+y+2=1 z=x*+)? +yr-2=1
z=r r=1 2=1-1 z=1r? 2=r2-1
¢ =m/4 p=csco p=1 p = cos ¢ csc2 P p? =—sec2d

Figure 26.9: Equations of surfaces in different coordinate systems: First row: Rectan-

gular coordinates, Second row: Cylinderical coordinates, Thirde row: Spherical coor-
dinates.

CONVERSION FORMULAS RESTRICTIONS

Cylindrical to rectangular (1,0,2) > (x, 5, 2)

x=rcosf, y=rsinf, z=z
Rectangular to cylindrical (X, y,2) > (1,0, 2) r=\x*+)?, tanf= y/x, z=2z
Spherical to cylindrical (p,0,b) > (1,0,2) | r=psind, 60=0, z=pcosd gi% 5 ;ﬂO
Cylindrical to spherical (1,0,2 = (p,0,9) | p=Nr2+22, 0=0, tanp=1/z 0 < b<n

Spherical to rectangular (p, 0,¢) = (x5, 2

(x5, 2) = (p, 0, $)

x=psingcosh, y=psingsinbh, z=pcosd

p :m, tan 6 = y/x, cos ¢ = Z/\m

Rectangular to spherical

Figure 26.10: Converseion formulae for coordinate systems

26.2 Directional derivatives

Definition 26.2. If f(x,y) is a function f of x and y, and if w = w\i + uy ] is a unit
vector, then the directional derivative of f in the direction of u at (xy, yo) is denoted by
Dy, f(xo, yo) and is defined by

d
Duf (o0, yo) = — [f (x0 + sur, yo + suz] .,
provided this derivative exists.

Example 26.6. Let f(x,y) = xy. Find and interpret D, f (1,2) for the unit vector

\/§¢ 2
u=71+ J-

DN =

Solution.
It follows that

d V3s s
Duf(l,Z)—% [f(1+7,2+5)

5s=0
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Slope in u direction = rate of
change of zwith respect to s

i
e
(x ¥

| /
R

u
= (Xp. Vo)

Figure 26.11: Idea of a directional derivative.

Since
3 3 3 3
f 1+Q,2+£ = ]_+Q (2+£)=£52+ 1+Q +2,
2 2 2 2 2
we have
d 3 3 3 1 1
ds| 4 2 W 122 o 2

1
Since > +1+/3 = 2.23, we conclude that if we move a small distance from the point
(1,2) in the direction u, the function f(x, y) = xy will increase by about 2.23 times the
distance moved. O

Theorem 26.3. If f(x, y) is differentiable at (xo, yo) and if u= w1 + up ] is a unit vec-
tor;then the directional derivative Dy, f (xo, yo) exists and is given by

Dy f (%0, ¥0) = fx (%0, yo)ur + fy(xo, yo) uz.

If f(x,y,2) is differentiable at (xy, Yo, z0) and if u = u1f+ u2f+ uslAc is a unit vec-
tor;then the directional derivative Dy, f (xo, yo, o) exists and is given by

Dy, f (x0, Y0, 20) = fx(x0, Yo, 20)u1 + fy (X0, Yo, 20) U2 + fz(x0, Yo, 20) 3.

Example 26.7. Find the directional derivative of f (x, y) = e*¥ at (-2,0) in the direction
of the unit vector that makes an angle of n/3 with the positive x—axis.

Solution.
The partial derivatives of f are

oy =ye?,  f(x,y)=xe".
At point (-2,0) we have

fx(_z;o) = O) fy(_Z, 0) = _2.
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The unit vector u that makes an angle of /3 with the positive x—axis is

N ~ 1 3.
u=cos(n/3)i+sin(n/3)j = §i+ \/7_]'.

Thus,

Dy f(=2,0) = fr(=2,0) cos(r/3) + fy(~2,0)sin(m/3) = 0(1/2) + (—2)(v/3/2) = —V/3.

26.2.1 Gradients

Definition 26.4 (Nabla operator).

The vector operator V defined by

is called the nabla or del operator.

Definition 26.5 (Gradient).
If f is a function of x, y and z, then the gradient of f is defined by

VX, 1,2) = fe(x, 3,2+ fy(x, 3,2 ] + fo(x,y, 2)k.

Slope in u direction = rate of
change of zwith respect to s

|

/ls' -
(x, )
X (X9, Yo) u °

Figure 26.12: Interpretation of the gradient of a function f(x, y).

Remark 26.6. Note that by the definition of a direction derivative we have

D, f (x0, Yo, 20) = V f(x0, Y0, 20) - U

Theorem 26.7 (Properties of gradient).
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e Viuxzv)=VuzxVvo,
e V(uv) =VuVv+vVu,
e V' =nv" vy,

Theorem 26.8. Let f be a function of either two variables or three variables, and let P

denote the point P(xy, yo) or P(xo, Yo, Z0), respectively. Assume that f is differentiable
at P.

1. IfVf =0atP, then all directional derivatives of f at P are zero.

2. If Vf # 0 at P, then among all possible directional derivatives of f at P, the
derivative in the direction of Vf at P has the largest value. The value of this
largest directional derivative is |V f| at P.

3. If Vf # 0 at P, then among all possible directional derivatives of f at P, the
derivative in the direction opposite to that of V f a P has the smallest value. The
value of this smallest directional derivative is —|V f| at P.

z

e

'\, Increasing
J\most rapidly

\\ Decreasing
'\ most rapidly
! ¥

v
(X ¥ s
=Vr

A

Figure 26.13: Physical interpretation of gratient.

Example 26.8. Let f(x,y) = x*e”. Find the maximum value of a directional derivative
at(—2,0), and find the unit vector in the direction in which the maximum value occurs.

Solution.
Since
Vfx,y) = fx(x,y)f+fy(x,y)f:2xeyf+ xzeyf,
the gradient of f at (-2,0) is Vf = —4i + 4] the maximum value of the directional
derivative is

IVf(=2,0)] =V (-4)2+42 = V32 =4V2.

This maximum occurs in the direction of V f(-2,0). The unit vector in this direction
is
Vf(—2,0) ( 4¢+4¢) -1 ':+ 1 2
u= = —47 =—i+—].
VF(=2,00  4v2 = e!
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O

Remark 26.9. Let (xo, yo) be a point on a level curve f(x,y) = ¢ and the curve can be
smoothly parametrized as x = x(s), y = y(s). Then the tangent vector is

T(s)=x'()i+y ()]

Nouw, differentiating the level curve we obtain

of dx _of dy (aff aff) (dx¢ d%)
_— ——:0: o o o| — —_—
6xds+6yds 6xl+6y] dsl+ds]

Therefore, T gives a direction along which f is nearly constant and so
Drfx,y)=Vf(x,y)-T(s)=0.

Theorem 26.10. Assume that f(x,y) has continuous first-order partial derivatives in
an open disk centered at (xo,y0) and thatV f (xo, yo) # 0. Then 'V f (xo, yo) is normal to
the level curve of f through (xo, yo).

flx,y)=rc

Vf(Xo, _)fo)

- —Vf(Xo, }/0)

Figure 26.14: Gradient is normal to the level surface.

Remark 26.11. Ifu is tangent to the level curve at (xy, yo), then f(x,y) is neither in-
creasing nor decreasing in that direction, so Dy, f (xg, yo) = 0. Thus,

V f(x0, ¥0), =V f (x0, o)

and the tangent vector u mark the directions of maximum slope, minimum slope, and
zero slope at a point (xy, yo) on a level curve; see Figure 26.14.

Example 26.9. heat-seeking particle is located at the point (2,3) on a flat metal plate
whose temperature at a point (x,y) is

T(x,y) =10—-8x? -2y

Find an equation for the trajectory of the particle if it moves continuously in the direc-
tion of maximum temperature increase.
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Solution. Assume that the trajectory is represented parametrically by the equations
x=x(1), y=y@

where the particle is at the point (2,3) at time ¢ = 0. Because the particle moves in the
direction of maximum temperature increase, its direction of motion at time ¢ is in the
direction of the gradient of T'(x, y), and hence its velocity vector v(f) at time ¢ points
in the direction of the gradient. Thus, there is a scalar k that depends on ¢ such that

v(t)=kVT(x,y)

from which we obtain
dx, dy.

—i+—=L]=k(-16xi—-4y]).

dtl+dt] k(—16xi—4y]j)
Equating components yields

dx dy

—— =-16kx, —==-4k

dr S P

and dividing to eliminate k yields

ay _ —4ky _ vy
dx -16kx 4x

and hence the solution
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