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LECTURE26

Transformations and directional

derivatives

26.1 Coordinate transformations

26.1.1 Polar coordinates

Definition 26.1 (Polar coordinates).

Polar Coordinates are two values that locate a point on a plane by its distance from a

Figure 26.1: Polar coordinates.

fixed pole and its angle from a fixed line passing through the pole.

Let (x, y) be a point inx y−plane. Then using trigonometry we have

x = r cosθ, y = r sinθ

where

r ≥ 0, and 0 ≤ θ ≤ 2π.

1



2 LECTURE 26. TRANSFORMATIONS AND DIRECTIONAL DERIVATIVES

Let (r,θ) be a point in rθ−polar coordinate plane. Again, by using trigonometry we

have

x2 + y2 = r 2 cos2θ+ r 2 sin2θ = r 2 and tanθ = y

x
=⇒ θ = tan−

( y

x

)
.

Example 26.1. Consider the point
(
4,
π

6

)
in rθ−plane. In Cartesian coordinates

x = r cosθ = 4cos
(π

6

)
= 4

p
3

2
= 2

p
3.

and

y = r sinθ = 4sin
(π

5

)
= 4

1

2
= 2.

So the point
(
4,
π

6

)
in Cartesian coordinates becomes (2

p
3,2).

Similarly, the point (−5,12) in x y−plane can be converted to rθ−plane as

tanθ = 12

−5
=⇒ tan−1

(
12

−5

)
'−67.4◦+180◦ = 112.6◦.

and

r =
√

(−5)2 + (12)2 =p
25+144 =p

169 = 13.

Therefore,(−5,12) in polar coordinates can be written as (13,112.6◦).

26.1.2 Rectangular coordinates

Figure 26.2: Rectangular coordinates.

Three coordinates are required to establish the location of a point in R3. This we

can do using the rectangular coordinates (x, y, z) of a point P , where x, y and z are

respectively the displacements along x−, y− and z−axis respectively; see Figure 26.2.

Moreover, the coordinates can be any real numbers, without any restriction.
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Figure 26.3: Cylindrical coordinates coordinates.

26.1.3 Cylindrical coordinates

A point in R3 can be represented by three quantities (r,θ, z). These quantities are

defined as follows

- r : Distance from the origin.

- θ: Angle with the polar-axis.

- z: Height above the x y− plane.

This coordinate system is called the cylindrical coordinate system. There are re-

strictions on the allowable values of the coordinates. We impose the following restric-

tions on the coordinates in cylindrical coordinate system:

r ≥ 0, 0 ≤ θ < 2π, z ∈R.

Remark that the cylindrical coordinates just add a z−coordinate to the the polar

coordinates (r,θ), see Figure 26.4.

Figure 26.4: Cylindrical coordinates coordinates, analogy with polar coordinates.

Consider a point P (r,θ, z), in cylindrical coordinates. Then, in rectangular coor-

dinates

x = r cosθ, y = r sinθ, z = z.
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Similarly, the point P (x, y, z) in (r,θ, z) is given by

r =
√

x2 + y2, θ = tan−1
( y

x

)
, z = z.

Example 26.2. Find the rectangular coordinates of the point with cylindrical coordi-

nates

(r,θ, z) = (4,π/3,−3).

Solution.

Applying the cylindrical-to-rectangular conversion formulae yields

Figure 26.5: Cylindrical: (4,π/3,−3). Rectangular: (2,2
p

3,−3).

x = 4cos
(π

3

)
= 2, y = 4sin

(π
3

)
= 2

p
3, z =−3.

Thus, the rectangular coordinates of the point are

(x, y, z) = (2,2
p

3,−3).

26.1.4 Spherical coordinates

Figure 26.6: Spherical coordinates coordinates: ρ ≥ 0,0 ≤ θ < 2π,0 ≤φ< 2π.

A point in R3 can be represented by three quantities (ρ,θ,φ). These quantities are

defined as follows
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- ρ: Distance from the origin.

- θ: Angle with the polar-axis.

- z: Angle with the z− axis.

This coordinate system is called the spherical coordinate system. There are re-

strictions on the allowable values of the coordinates. We impose the following restric-

tions on the coordinates in spherical coordinate system:

ρ ≥ 0, 0 ≤ θ < 2π, 0 ≤φ<π.

Consider a point P (r,θ,φ), in spherical coordinates. Then, in rectangular coordi-

nates

x = ρ sinφcosθ, y = ρ sinφsinθ, z = ρ cosφ.

Similarly, the point P (x, y, z) in (r,θ,φ) is given by

ρ =
√

x2 + y2 + z2, θ = tan−1
( y

x

)
, φ= cos−1 z

ρ
.

Example 26.3. Find the rectangular coordinates of the point with spherical coordi-

nates

(ρ,θ,φ) = (4,π/3,π/4).

Solution.

Figure 26.7: Spherical: (4,π/4,π/3). Rectangular: (
p

2,
p

6,2
p

2).

Applying the spherical-to-rectangular conversion formulae yields

x = 4sin
(π

4

)
cos

(π
3

)
=p

2,

y = 4sin
(π

4

)
sin

(π
3

)
=p

6,

z = 4cos
(π

4

)
= 2

p
2.

The rectangular coordinates of the point are

(x, y, z) = (
p

2,
p

6,2
p

2).
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Example 26.4. Find the spherical coordinates of the point with rectangular coordi-

nates

(x, y, z) = (4,−4,4
p

6).

Solution.

Figure 26.8: Spherical: (8
p

2,7π/4,π/6). Rectangular: (4,−4,4
p

6).

From the rectangular-to-spherical-conversion formulae yields

ρ = p
16+16+96 =p

128 = 8
p

2,

tanθ = y

x
=−1,

cosφ = zp
ρ
= 4

p
6

8
p

2
=

p
3

2
.

From the restriction 0 ≤ θ < 2π and the computed value of tanθ, the possibilities

for θ are θ = 3π/4 and θ = 7π/4. However, the given point has negative y−coordinate,

so we must have θ = 7π/4. Moreover, from the restriction 0 ≤φ≤π and the computed

value of cosφ, the only possibility for φ is φ=π/6. Thus, the spherical coordinates of

the point are

(ρ,θ,φ) = (8
p

2,7π/4,π/6).

Example 26.5. Find equations of the paraboloid z = x2 + y2 in cylindrical and spheri-

cal coordinates.

Solution.

The rectangular-to-cylindrical conversion formulae yield z = r 2, which is the equa-

tion in cylindrical coordinates. Now applying the spherical-to-cylindrical conversion

formulae to yield ρ cosφ= ρ2 sin2φ which we can rewrite as ρ = cosφcsc2φ.



26.2. DIRECTIONAL DERIVATIVES 7

Figure 26.9: Equations of surfaces in different coordinate systems: First row: Rectan-
gular coordinates, Second row: Cylinderical coordinates, Thirde row: Spherical coor-
dinates.

Figure 26.10: Converseion formulae for coordinate systems

26.2 Directional derivatives

Definition 26.2. If f (x, y) is a function f of x and y, and if u = u1 î +u2 ĵ is a unit

vector, then the directional derivative of f in the direction of u at (x0, y0) is denoted by

Du f (x0, y0) and is defined by

Du f (x0, y0) = d

d s

[
f (x0 + su1, y0 + su2

]
s=0

provided this derivative exists.

Example 26.6. Let f (x, y) = x y. Find and interpret Du f (1,2) for the unit vector

u =
p

3

2
î + 1

2
ĵ .

Solution.

It follows that

Du f (1,2) = d

d s

[
f

(
1+

p
3s

2
,2+ s

2

)]
s=0
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Figure 26.11: Idea of a directional derivative.

Since

f

(
1+

p
3s

2
,2+ s

2

)
=

(
1+

p
3s

2

)(
2+ s

2

)
=

p
3

4
s2 +

(
1+

p
3s

2

)
+2,

we have

Du f (1,2) = d

d s

[p
3

4
s2 +

(
1+

p
3s

2

)
+2

]
s=0

=
[p

3

2
s + 1

2
+p

3

]
s=0

= 1

2
+p

3.

Since
1

2
+p

3 ' 2.23, we conclude that if we move a small distance from the point

(1,2) in the direction u, the function f (x, y) = x y will increase by about 2.23 times the

distance moved.

Theorem 26.3. If f (x, y) is differentiable at (x0, y0) and if u = u1 î +u2 ĵ is a unit vec-

tor,then the directional derivative Du f (x0, y0) exists and is given by

Du f (x0, y0) = fx (x0, y0)u1 + fy (x0, y0)u2.

If f (x, y, z) is differentiable at (x0, y0, z0) and if u = u1 î +u2 ĵ +u3k̂ is a unit vec-

tor,then the directional derivative Du f (x0, y0, z0) exists and is given by

Du f (x0, y0, z0) = fx (x0, y0, z0)u1 + fy (x0, y0, z0)u2 + fz (x0, y0, z0)u3.

Example 26.7. Find the directional derivative of f (x, y) = ex y at (−2,0) in the direction

of the unit vector that makes an angle of π/3 with the positive x−axis.

Solution.

The partial derivatives of f are

fx (x, y) = yex y , fy (x, y) = xex y .

At point (−2,0) we have

fx (−2,0) = 0, fy (−2,0) =−2.
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The unit vector u that makes an angle of π/3 with the positive x−axis is

u = cos(π/3)î + sin(π/3) ĵ = 1

2
î +

p
3

2
ĵ .

Thus,

Du f (−2,0) = fx (−2,0)cos(π/3)+ fy (−2,0)sin(π/3) = 0(1/2)+ (−2)(
p

3/2) =−p3.

26.2.1 Gradients

Definition 26.4 (Nabla operator).

The vector operator ∇ defined by

∇= ∂

∂x
î + ∂

∂x
ĵ + ∂

∂x
k̂.

is called the nabl a or del operator.

Definition 26.5 (Gradient).

If f is a function of x, y and z, then the gradient of f is defined by

∇ f (x, y, z) = fx (x, y, z)î + fy (x, y, z) ĵ + fz (x, y, z)k̂.

Figure 26.12: Interpretation of the gradient of a function f (x, y).

Remark 26.6. Note that by the definition of a direction derivative we have

Du f (x0, y0, z0) =∇ f (x0, y0, z0) ·u.

Theorem 26.7 (Properties of gradient).
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• ∇(u ± v) =∇u ±∇v,

• ∇(uv) =∇u∇v + v∇u,

• ∇vn = nvn−1∇v.

Theorem 26.8. Let f be a function of either two variables or three variables, and let P

denote the point P (x0, y0) or P (x0, y0, z0), respectively. Assume that f is differentiable

at P.

1. If ∇ f = 0 at P, then all directional derivatives of f at P are zero.

2. If ∇ f 6= 0 at P, then among all possible directional derivatives of f at P, the

derivative in the direction of ∇ f at P has the largest value. The value of this

largest directional derivative is |∇ f | at P.

3. If ∇ f 6= 0 at P, then among all possible directional derivatives of f at P, the

derivative in the direction opposite to that of ∇ f a P has the smallest value. The

value of this smallest directional derivative is −|∇ f | at P.

Figure 26.13: Physical interpretation of gratient.

Example 26.8. Let f (x, y) = x2e y . Find the maximum value of a directional derivative

at (−2,0), and find the unit vector in the direction in which the maximum value occurs.

Solution.

Since

∇ f (x, y) = fx (x, y)î + fy (x, y) ĵ = 2xe y î +x2e y ĵ ,

the gradient of f at (−2,0) is ∇ f = −4î + 4 ĵ the maximum value of the directional

derivative is

|∇ f (−2,0)| =
√

(−4)2 +42 =p
32 = 4

p
2.

This maximum occurs in the direction of ∇ f (−2,0). The unit vector in this direction

is

u = ∇ f (−2,0)

|∇ f (−2,0)| =
1

4
p

2
(−4î +4 ĵ ) = −1p

2
î + 1p

2
ĵ .
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Remark 26.9. Let (x0, y0) be a point on a level curve f (x, y) = c and the curve can be

smoothly parametrized as x = x(s), y = y(s). Then the tangent vector is

T (s) = x ′(s)î + y ′(s) ĵ .

Now, differentiating the level curve we obtain

∂ f

∂x

d x

d s
+ ∂ f

∂y

d y

d s
= 0 =

(
∂ f

∂x
î + ∂ f

∂y
ĵ

)
·
(

d x

d s
î + d y

d s
ĵ

)
Therefore, T gives a direction along which f is nearly constant and so

DT f (x, y) =∇ f (x, y) ·T (s) = 0.

Theorem 26.10. Assume that f (x, y) has continuous first-order partial derivatives in

an open disk centered at (x0,y 0) and that ∇ f (x0, y0) 6= 0. Then ∇ f (x0, y0) is normal to

the level curve of f through (x0, y0).

Figure 26.14: Gradient is normal to the level surface.

Remark 26.11. If u is tangent to the level curve at (x0, y0), then f (x, y) is neither in-

creasing nor decreasing in that direction, so Du f (x0, y0) = 0. Thus,

∇ f (x0, y0),−∇ f (x0, y0)

and the tangent vector u mark the directions of maximum slope, minimum slope, and

zero slope at a point (x0, y0) on a level curve; see Figure 26.14.

Example 26.9. heat-seeking particle is located at the point (2,3) on a flat metal plate

whose temperature at a point (x, y) is

T (x, y) = 10−8x2 −2y2.

Find an equation for the trajectory of the particle if it moves continuously in the direc-

tion of maximum temperature increase.
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Solution. Assume that the trajectory is represented parametrically by the equations

x = x(t ), y = y(t )

where the particle is at the point (2,3) at time t = 0. Because the particle moves in the

direction of maximum temperature increase, its direction of motion at time t is in the

direction of the gradient of T (x, y), and hence its velocity vector v(t ) at time t points

in the direction of the gradient. Thus, there is a scalar k that depends on t such that

v(t ) = k∇T (x, y)

from which we obtain
d x

d t
î + d y

d t
ĵ = k(−16xî −4y ĵ ).

Equating components yields

d x

d t
=−16kx,

d y

d t
=−4k y

and dividing to eliminate k yields

d y

d x
= −4k y

−16kx
= y

4x

and hence the solution

y = 3
4
p

2
4
p

x.
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